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Abstract. We establish equality between the essential spectrum of the Schrodinger operator 
with magnetic field in the exterior of a compact arbitrary dimensional domain and that of the 
operator defined in all the space, and discuss applications of this equality. 

Resume. Sur le spectre de I'operateur de Schrodinger avec un champ magnetique 
^ ' dans un domaine exterieur. On etablit une egalite entre le spectre essentiel de I'operateur 

^ de Schrodinger avec un champ magnetique dans un domaine exetrieur et celui de I'operateur 

dans tout I'espace. On discut des applications de cet egalite. 

D 

^ 1. Introduction 

I Magnetic Schrodinger operators in domains with boundaries appear in several areas of physics, 

00 ■ one can mention the Ginzburg-Landau theory of superconductors, the theory of Bose-Einstein 

. condensates, Fermi-gases and the study of edge states in Quantum mechanics. We refer the 

"j^ I reader to [H [21 [3] for details and additional references on the subject. From the point of view 

of spectral theory, the presence of boundaries has an effect similar to that of perturbing the 
magnetic Schrodinger operator by an electric potential. If we focus at present on two dimensional 
domains and constant magnetic fields, we observe in both cases (exterior domain and electric 
^ ■ potential), that the essential spectrum consists of the Landau levels and the discrete spectrum 

i form clusters of eigenvalues around the Landau levels. Several papers are devoted to the study 

■ of different aspects of these clusters of eigenvalues in domains with or without boundaries. In 
f-*) , the semi-classical context, we can can cite [21 [H [5l El |8l [9] , while |10^ [TT] contain results about 

accumulation of eigenvalues in a non semi-classical limit. 

■ Consider a compact and simply connected domain K CM.'^ with a smooth C°° boundary. 
Denote by = M'' \ K. Given a function 7 G L°°{d^) and a vector potential A ^ 
we define the Schrodinger operator L'^-^ with domain D{Lj^^) as follows. 



X 



D{Ll b) = {u G L'^{n) : (V - iA)% G L'^{n), j = 1,2; 1/ • (V - iA)u + -/u = on dn} , (1) 



yueD{Ll^), Ll^u = -{V-iAfu. (2) 

The vector u is the unit outward normal vector of the boundary d^l. The magnetic field B is 
identified by an antisymmetric matrix (bkj)i<k,j<d whose entries are defined by the components 
(oj) of A as follows, b^j = dx^ak — dx^cij. Associated to the operator g is the quadratic form, 

ql^{u)= [ \{V - iA)u\'^ dx + [ 7|n|2d5, u G ifi(O) , (3) 
Jn Jdn 

where the space H^{Q) = {u G L^(0) : (V — iA)u G L'^{Q)} is the form domain of Qq g. 

Since the function 7 G L°°{dQ), the operator L"^^ is semi-bounded from below and its asso- 
ciated quadratic form is closed. Freidrich's theorem tells us that g is self-adjoint in L^(r2). 

We introduce the magnetic Schrodinger operator Lb in L'^{W^) with magnetic field B as 
follows. The domain of the operator is -D(Lb) = {li G L'^{W^) : (V-iA)-'u G ^^(M'^), j = 1, 2}, 
and the action of the operator on its domain is as follows, 

Lbu = -(V-iA)2«, (inL2(M'^)). (4) 
1 
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In this note, we estabUsh the fohowing result and discuss consequences of it. 

Theorem 1. The essential spectrum of the operator Lq g is the same as that of L-q- 

Earlier versions of Theorem [T] are already proven for two-dimensional domains |10l [IT] under 
different boundary conditions and for constant magnetic fields only. Theorem [T] remains true for 
the magnetic Schrodinger operator with Dirichlet boundary condition (that is when replacing 
the Robin condition in ([TJ by the condition u = on dO). The proof is exactly the same as the 
one we present here. 

2. Proof of Theorem [T] 

We denote by F the common boundary of VL and K and define the following operator on F, 

dru = dj\[U + 7 u = 1/ • ( V — ibA)u + 7 n , (5) 

where u is the unit outward normal vector to the boundary of Q. 

We have introduced the operator g with quadratic form g from ([3]) . We will use also 

the corresponding operator in K, namely L^-q. Since the quadratic forms q^-Q and are 
semi-bounded (see ([3])), we get up to a shift by a positive constat that they are strictly positive. 
Thus we assume, the hypothesis: 

(HI) The operators Lb, b ^~K'B ^'-^ invertible. 

Since and K are complementary, the Hilbert space Lp'iW^) is decomposed as the direct sum 
L'^{VI)®L'^{K) in the sense that any function u G Li^iW^) can be represented as uq,®uk where 
and UK are the restrictions of u to ^2 and K respectively. Notice that, for all u = uq(Buk G -L^(M'^) 
such that uq € D^L^^b) and uk G D{Lk,b), then dru^ = drux = 0, where dr is the trace 
operator from ([5]). 

We can extend the operator Lj^^ in L'^{Q) to an operator L in L^(]R'^). Actually, let L = 

^UB ® ^Ic'b ™ ^(^ub) ® ^{^~kb) L^(M°'). More precisely, L is the self-adjoint extension 
associated with the quadratic form 

^{u) = (iI,bM + Ik^b^^k) , u = un®UK(^L^{^'^). (6) 

By the hypothesis (HI), we may speak of the resolvent R = of L. Since cr(L) = o'{Lq g) U 
(t{LJ^^) and L^'b has a compact resolvent, then we get the following lemma. 

Lemma 2. With L, R and L^ b defined as above, it holds true that: 

(1) aess{Lli^Bl = (^essiL). 

(2) A € aessiR) \ {0} if and only if X ^ and A"^ G acssiLj^^s)- 

In the next lemma, we observe that the operator g can be viewed as a compact perturbation 
of the magnetic Schrodinger operator Lb in L^(R'^) introduced in 1^. 

Lemma 3. The operator V = — is compact. Moreover, for all f,g £ L'^ 

(/,^5)L2(Rd) = ^^ru- {vn -VK)dS, 
where u = f and v = L~^g. 

Proof. Since / = Lb^^ and g = Lv = L^ © L~^-qVk, it follows that, 

{f^yg)L-^(m.d)= / LBU-v^dx+ / LBU-Wdx - / n-L^gU^dx- / u - L^^-qUrAx . 
Jn Jk Jn ' Jk ' 

The identity in ([7]) then follows by integration by parts and by using the boundary conditions 

drvn = drVK = 0. 



(7) 
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As we will show below, compactness of the trace operators together with ([7]) give us compact- 
ness of the operator V. Let (gn) be a sequence in L^(]R'^) that converges weakly to 0. We will 
prove that (Vgn) converges strongly in L^(M"'). We define, 

Let U C M*^ be an open and bounded set that contains the common boundary L of and K. 
We claim that there exists a positive constant C such that, 

VnEN, llu^*"^ 11^2 (H) + lb[r^ II H2(Qnc/) + Ibx^ 11^2 (xnc/) < C*- (8) 

Once the estimate in ([8]) is established, we get compactness of the operator V as follows. Since 
the embeddings of H'^(U n Vt) and H'^{VL fl K) in Li^iT) are compact, we get that, 

II (") II ,11 (n) II r\ 

Wn llL2(r) + bi^ llL2(i^) ^0 as n ^ oo . 

Also, the trace theorem yields that ||(9r?^^"^ llL2(r) is bounded. Now, we may use ([7]) with / = Vgn, 
g = g-n and deduce that, 

\\Vgn\\l2^^,) = ^ ^rnW • (^^^ - v^^^) dS ^ as n ^ oo , 

thereby establishing compactness of V. To finish the proof of Lemma [3l we need to prove the 
claim in ([8]). Since Vgn is in L^(]R'^) we get by definition of that L-^u^^^ = Vgn- As a 
consequence, elliptic L^-estimates yield boundedness of n^""-* in H'^{U). In a similar way we 
obtain boundedness of v^^ and -y^^ in H^. Actually, it holds true that, 

LB,av^n^ = gn in , L^^rv^'k = 9n in L^{K) , 

together with the boundary conditions 9rw[]^^ = and drv^^^ = 0. Boundedness of v^"^ and 

in then result from elliptic L^-estimates (up to the boundary). □ 

Proof of Theorem [IJ As corollary of Lemma [3] and Weyl's theorem, we get that Lb and L have 
the same essential spectrum. Consequently, Lemma [2] tells us that Theorem [T] is true. □ 

3. Applications of Theorem [T] 

The spectrum of the operator Lb is studied in several papers, see [3 [12] and the references 
therein. Under the assumptions made in Corollary |4] below, it is proved in [3 Thm. 1.5] that 
the essential spectrum of Lb is exactly the union of spectra of all operators of the form L-q^, 
where Bqo is a cluster value of the magnetic field B at cx3. The spectrum of Lb^^ is either the 
interval [ |Boo|, oo) (if Bqo = or d is odd) or the landau levels otherwise. Since Lq g has the 
same essential spectrum as Lb, we get the result in Corollary U] below. 

Corollary 4. Suppose d = 2,3 and the magnetic field B € satisfies the following condition, 

|i?°6ij(x)| = o(|xr°) , as|x|^oo, (9) 

l<|o|<3 l<i,j<n 

where bij are the components of B and a is a positive real number. It holds true that: 

(1) //liminf|S(x)| = 0, thena,ss{Ll^) = [0,00). 

(2) Ifd=2, lim |B(x)| =b andb>0, then, acssiLls) = {(2"- - 1)^ : n € N}. 

|a:|— >-oo ' 

(3) If d = 3 and liminf |B(x)| = b, then, (7css(L^g) = [6,00). 

|a;|— >-oo ' 

The result of Corollary 3] remains true if the assumption (|9|) is relaxed, by supposing that 
B{x) ^ b as |3;| ^ 00 and B e C°° (see [l2l Theorems 2.2 & 2.4]). 

The next corollary indicates situations where the spectrum of L^ g is purely discrete. 
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Corollary 5. Suppose that there exists a non-negative integer r such that B € C^'^^iW^). Let 
bkj be the components o/B. If there exists a positive constant C such that, 

( \ 



fcj am'' 



^ E 

a|=r+l \ |ct|<f / 

and |Z)"6fcj(2;)| —)• oo as |x| — ?> oo, i/ien the operator L'^ g /las compact resolvent. 

k,j am'' 
\a\<r 

Under the conditions in Corollary[5l the operator Lb has compact resolvent [71 CoroUaire 1.2]. 
As a consequence of Lemma [3l we get that the operator Lq g has compact resolvent too, thereby 
proving Corollary [5j 
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